In this work we present an algorithm of building an adequate model of polarizing quantum state measurement. This model takes into account chromatic aberration of the basis change transformation caused by the parasitic dispersion of the wave plates crystal and finite radiation spectral bandwidth. We show that the chromatic aberration reduces the amount of information in the measurements results. Using the information matrix approach we estimate the impact of this effect on the qubit state reconstruction fidelity for different values of sample size and spectral bandwidth. We also demonstrate that our model outperforms the standard model of projective measurements as it could suppress systematic errors of quantum tomography even when one performs the measurements using wave plates of high order.
Introduction
The light polarization has a wide range of applications for the tasks of classical optics (polarizing filters, liquid-crystal display, phase modulators) and quantum information technologies (quantum networks, quantum memory, quantum computations and quantum simulators) [1] [2] [3] [4] . The mathematical apparatus of quantum polarizing optics is based on quantum mechanical description of vector states in a Hilbert space. In general, the measurement of such states could be described in terms of POVMmeasurements (positive-operator valued measure) [5] .
Practically the polarization measurement in the computational basis (|0 = |V , |1 = |H ) could be performed by the light transmission through the polarizing beam splitter and the light detection at both outputs. However, such a measurement is not enough to get access to the complex amplitudes of an arbitrary state of superposition |ψ = c 0 |0 + c 1 |1 . According to N. Bohr's complementarity principle [6] the unknown quantum state reconstruction implies performing a set of complementary measurements in different bases. Quantum tomography procedure is reconstruction of a quantum state using the results of mutually complementary measurements [7] [8] [9] [10] [11] [12] [13] .
To change the polarization measurement basis one may use a set of two wave plates: a half-wave plate (HWP) and a quarter-wave plate (QWP) oriented by angles α and β to the vertical axis ( Figure 1 ). Wave plate is made of birefringent crystal. Its thickness is selected according to the radiation wave length. In terms of quantum information the polarizing state transformation is equivalent to the qubit rotation on Bloch sphere. However, the presence of radiation spectral degree of freedom results in chromatic aberration of qubit rotation because the transformation differs for each spectral component [14] [15] [16] . Such effects could lead to systematic errors and the reduction of quantum tomography accuracy [17, 18] . Combating the phenomenon is particularly important for manipulating polarizing cluster states [19] . Based on fuzzy measurements approach [20] [21] [22] we develop a method for the polarizing quantum states reconstruction that is robust to the chromatic aberration of the basis change transformation. These results could help eliminate systematic errors of quantum tomography caused by this effect.
The paper is organized as follows. In Section 2 we consider complementary measurements and describe the origination of systematic errors due to probabilistic uncertainty of basis change transformation. In Section 3 we present a simple algorithm for the construction of measurement operators in the case of light chromatic aberration inside the wave plates. In Section 4 we perform theoretical analysis of completeness and fidelity of quantum measurements protocols for different values of spectral bandwidth. We perform a quantitative description showing the loss of information caused by chromatic aberration. We also use Monte Carlo simulation to compare our method to a standard one based on the model of ideal projective measurements. We show that this model does not give statistically adequate results and is limited in accuracy.
Complementary measurements
Let us consider a vector state |ψ in a Hilbert space of dimension s = 2 (the following could be naturally generalized to larger dimensions). The measurement in the basis {|0 , |1 } brings us to the consideration of a binomial distribution ("quantum coin") with probabilities p 0 = | 0|ψ | 2 and p 1 = | 1|ψ | 2 . Obviously this distribution is not enough to measure (reconstruct) complex amplitudes of the state |ψ . According to the N. Bohr's complementarity principle one must obtain a set of mutually complementary distributions. To get one of these distributions let us transform the initial state |ψ by a unitary transformation U and then perform a measurement. The resulting binomial distribution with probabilitiesp 0 = | 0|U |ψ | 2 = 0 |ψ 2 andp 1 = | 1|U |ψ | 2 = 1 |ψ 2 corresponds to the measurement of the state |ψ in the new basis {|0 = U † |0 , |1 = U † |1 }. More general, the measurement of an arbitrary mixed state ρ gives the probability distribution:
with projectors P j = |j j|,P j = U † P j U = |j j |.
The most relevant types of mutually complementary probability distributions are the ones that provide informational completeness. The measurement protocols that provide such distributions are sufficient for the reconstruction of an arbitrary quantum state [12] . However, it could be practically difficult to perform an ideal "sharp" unitary transformation U . Any realization of U would be more or less uncertain. In the case of an optical polarizing state (|0 and |1 correspond to the states of vertical and horizontal polarization respectively) U could be implemented using a set of wave plates made of birefringent crystal. Due to chromatic dispersion of the crystal every spectral component of the radiation is subject to a slightly different transformation. This creates an uncertain (fuzzy) picture of U . Note that it is a direct analogue of a classical chromatic aberration due to the parasitic light dispersion resulting in image defocusing.
Below we consider the particular type of chromatic aberration caused by parasitic dispersion of wave plates transformation and the finite radiation spectral bandwidth. At the same time, our method is general and could be adapted to account fuzzy transformation of any given nature.
Measurement operators in the case of chromatic aberrations
A half-wave (HWP) and a quarter-wave plates (QWP) are enough to measure polarizing state in an arbitrary basis ( Figure 1 ). In the ideal case of monochromatic light the plates perform the transformation U (α, β) = U W P (δ QW P , β) · U W P (δ HW P , α) where
is a wave plate Jones matrix, α -angle between vertical axis and wave-plate fast axis, δ = πh|n o − n e |/λ -relative optical thickness, h -geometrical thickness, n o and n eordinary and extraordinary rays refractive indices respectively. Wave plates thickness are made as such, so that at the central wave length one would have δ HW P = π/2 + πk, δ QW P = π/4 + πk (k -wave plates order). By the appropriate choice of α and β one could implement any complete measurements protocol (Appendix A). Note that in terms of quantum information the transformation (2) corresponds to the qubit rotation on the Bloch sphere by an angle 2δ around the axis n = (sin 2α, 0, cos 2α). Let P (λ k )dλ be the probability of photon to have the wave length within the small dλ neighborhood of λ k . As every wave length value corresponds to a different value of relative optical thickness δ k one obtains a chromatic aberration of the transformation: ρ → k U k (α, β)ρU † k (α, β)P (λ k )dλ. Using (1) and the trace operator cyclic permutations property one could obtain the following measurement operators:
These operators describe a fuzzy measurement of the initial state ρ instead of ideal projectorsP j which do not take chromatic aberration into account. As projectors form the composition of unity P 0 + P 1 = E (E is an identity operator) fuzzy operators also satisfy the same relation: Λ 0 +Λ 1 = E. Operators (3) have the form of ideal projectorsP j in the limit of monochromatic light and become POVM-operators in the finite spectral bandwidth case.
Simulation results
Below we illustrate the results of the simulation of polarizing states quantum tomography. HWP and QWP have the 10-th order at the central wave length λ 0 = 650nm. The wave plates thickness are h HW P = 756μm, h QW P = 738μm (the refractive indices were taken from the work [14] ). We compare quantum state reconstruction using two measurement models: the standard model with ideal projectors and the more realistic one with fuzzy operators (3) calculated for the bandwidth ∆λ (we assume spectrum to be uniform). We consider the measurement protocol with the cube symmetry. This protocol consists of three wave plates configurations with corresponding angles {(5π/8, π/2), (11π/16, 3π/4), (π/2, π/2)} (Appendix A). This protocol is equivalent to the independent measurements of three Pauli observables. The simulation results for the protocol with octahedron symmetry are presented in Appendix B.
The results below are based on the informational fidelity theory and root approach to quantum tomography [11, 12] (see Appendix C and Appendix D for details). MATLAB realization of these methods is available at [23] .
We estimate the accuracy of a pure quantum state reconstruction using standard fidelity between two vector states: F = | ψ|ϕ | 2 .
Distribution of loss function
Let us consider the loss function L = n tot 1 − F , where 1 − F is the average infidelity over different tomography experiments and n tot is the total sample size over all the wave plates configurations in a single experiment. L depends on the measurement protocol and the quantum state under research. Obviously lower values of L correspond to higher fidelities. Figure 2 shows the loss function corresponding to the tomography of pure singlequbit states parameterized with spherical angles: |ψ = cos(θ/2) |0 + sin(θ/2)e iϕ |1 . For the ideal case of monochromatic light minimal and maximal values are L min = 1 and L max = 1.125 respectively [13] . Note that L min = 1 is the theoretical minimum for any complete POVM-measurements of the single-qubit state.
The fuzzy nature of wave plates transformations caused by chromatic aberration results in the loss of information. The loss function becomes knowingly higher than the theoretical minimum equal to 1. For the case ∆λ = 0.01μm one has L min = 1.216, L max = 1.857. The distribution is also rearranged as a whole. Now the minimal fidelity loss (L = 1.216) is even higher than maximal one for the case of monochromatic light (L = 1.125). Let us also consider an example of the state √ 0.999 |0 + i √ 0.001 |1 . For the case of monochromatic light one would have L ≈ 1.125 corresponding to theoretical maximum, while in the presence of chromatic aberration effect one would obtain L = 1.235 close to a minimum L min = 1.216. Figure 3 (a) shows the increase of minimal and maximal values of fidelity loss function with the increase of spectral bandwidth. Note that the value L max = 1.5 when ∆λ → 0 differs from the theoretical maximum 1.125 of ideal projective measurements (∆λ = 0). For ∆λ → 0 the deviation appears only within infinitesimal neighborhoods of eigenvectors of σ x and σ y Pauli operators.
Measurement protocol completeness
Let us convert the matrix of the measurement operator Λ j into a single row (the second matrix row is put to the right of the first one and so on). Let us perform this operation for all s operators for each of l wave plates configurations and join them into the measurement matrix B of dimension ls × s 2 . The tomographic completeness of a measurement protocol means that matrix B should have at least s 2 rows and contain no zero singular values [12] . The condition number K of matrix B serves as the measure of protocol robustness towards statistical fluctuations. For large K small fluctuations of experimental counts lead to the significant change of state reconstruction result and small fidelity. Measurement matrix for the single-qubit cube protocol has dimension 6 × 4 (s = 2, l = 3). For a monochromatic light one would have K = √ 3. Figure 3(b) shows the increase of condition number with the increase of the radiation spectral bandwidth.
Numerical experiments
We performed the Monte Carlo simulation of quantum state complementary measurements. The results were then used to reconstruct quantum state using two measurement models: fuzzy measurements model with measurements operators (3) and standard model of projective measurements. The results were obtained for the input state |ψ = (|0 +|1 )/ √ 2 -one of those with the highest fidelity losses at ∆λ = 0.01μm (according to the results at Figure Figure 2 ). We performed the reconstruction using root approach and maximum likelihood estimation (Appendix C). The results demonstrate an adequacy of the fuzzy model and an inadequacy of the standard one ( Figure 4 ). It is important to note that for our fuzzy measurements model the observed values of infidelity are in a very close agreement with the theoretical limit obtained from the information matrix. The standard model gives much higher values of infidelity. In particular, one could see that the use of the standard model leads to the fidelity saturation at the level of about 99.58%. This shows that the model is not quite adequate. At the same time, the use of fuzzy measurements operators could potentially give any desired level of fidelity by increasing the sample size. The result of 1000 numerical experiments with n tot = 1000 in each. Top -histograms of chi-squared for two models and theoretical chi-squared distribution for 1 degree of freedom. Bottom -histograms of infidelity for two models and theoretical distribution based on information matrix.
Note that the quality of quantum state reconstruction with standard model greatly depends on radiation spectral bandwidth and wave plates order. The use of effective zero-order wave plates could significantly suppress systematic errors caused by chromatic aberration effect. In this case errors occur only for large enough sample size.
Also note that the fuzzy measurements operators formation implies having knowledge about the radiation spectral distribution and wave plates crystal dispersion relations. Inaccuracies in this knowledge could lead to some systematic errors originating for large samples.
Conclusions
Quantum state tomography implies performing a set of complementary measurements. To change the measurement bases one should transform the quantum state. However, in real experiments any realization of this transformation would be more or less uncertain. In particular, the tomography of polarizing quantum states implies the use of wave plates to change the basis. This transformation slightly differs for different spectral component -a chromatic aberration of basis change transformation occurs. Such measurements could not be described in terms of projective measurements. Instead of projectors we construct POVM-measurements operators that take the considered effect into account. These operators could potentially provide an arbitrary high fidelity even for the wave plates of a high order.
Using the universal fidelity theory we analyzed the impact of chromatic aberration impact on the quantum tomography accuracy characteristics. We observed a significant change of loss function distribution with the increase of spectral bandwidth. We also showed that the use of standard model of projective measurements results in statistically inadequate results and has limited fidelity.
Our research was drawn to a single polarizing qubit tomography. However, this approach could be directly adopted to any other physical platform and to the reconstruction of the states of higher dimensions.
Appendix A. Polarizing states tomography protocols
A quantum tomography protocol is usually described by a set of detecting observables or measurement operators [12, 13, [24] [25] [26] [27] . To define a protocol of polarizing state tomography one could list the rotation angles α and β of HWP and QWP (see Figure 1 ).
HWP and QWP perform the qubit rotation on the Bloch sphere by angles π and π/2 respectively (α and β define rotation axes). Corresponding unitary matrices have the following form:
HW P = cos 2α sin 2α sin 2α − cos 2α ,
− cos 2β + i .
Here α and β are the fast axes angles with respect to the vertical axis. In these equations we have omitted the phase multipliers i for simplicity. Nevertheless, we will return to the global phase below. We assume that the photon passes the HWP first and then passes QWP. The total unitary matrix of polarization transformation is
Here we have introduced the following notation: γ = 2(β − α), δ = 2α. Having a mixed quantum state ρ in the input one would get the following probabilities of detectors D V and D H to produce a count (Figure 1) :
. It corresponds to the projective measurement of mutually orthogonal projectors
At the same time, an arbitrary pure quantum state could be parameterized by spherical angles θ and ϕ on the Bloch sphere:
.
Along with the spherical angles here we introduce the global phase χ, which is, to some extent, analogous to geometrical (topological) Pancharatnam-Berry phase [28, 29] . The task of finding the correct combination of wave plates rotation angles α and β by the spherical angles θ and ϕ turns to the task of finding such a global phase χ that could equate |ψ with |ψ V . Let us note that one could represent the state |ψ V as the complex superposition of two vector states with real amplitudes:
These vector states have unit normalization:
Let us write down (A.1) in the form |ψ = cos(θ/2) cos(χ) + i cos(θ/2) sin(χ) sin(θ/2) cos(ϕ + χ) + i sin(θ/2) sin(ϕ + χ) .
It follows from the normalization condition (A.2) that cos 2 (θ/2) cos 2 (χ) + sin 2 (θ/2) cos 2 (ϕ + χ) = 1/2, cos 2 (θ/2) sin 2 (χ) + sin 2 (θ/2) sin 2 (ϕ + χ) = 1/2 and tan 2χ = cos 2 (θ/2) + sin 2 (θ/2) cos(2ϕ) sin 2 (θ/2) sin(2ϕ) . We get δ = arccos(cos δ) when sin δ ≥ 0 and δ = − arccos(cos δ) otherwise. After derivation of γ and δ we get desired angles: α = δ/2, β = (γ + δ)/2. For unambiguity we consider these angles modulo π. Let us consider an example of the cube symmetry measurement protocol, which has three different wave plates configuration. For k = 0 one obtains θ 1 = π/2, ϕ 1 = 0, α 1 = 5π/8, β 1 = π/2, θ 2 = π/2, ϕ 2 = π/2, α 2 = 11π/16, β 2 = 3π/4, θ 3 = 0, ϕ 3 = 0, α 3 = π/2, β 3 = π/2.
It gives
Let us also consider the octahedron symmetry measurement protocol. The corresponding projection states are located at the centers of the octahedron circumscribed about the Bloch sphere. We derive four wave plates configurations for the states |ψ V located at the top semi-sphere of the Bloch sphere (k = 0): The rest four points of the octahedron edges correspond to the states |ψ H .
For the 2-qubit state tomography one could place a pair of wave plates (HWP and QWP) at each of the two radiation spatial modes. Then the measurement protocol is defined by all the combinations of wave plates configurations in these modes. The 2-qubit cube symmetry protocol has 3 · 3 = 9 configurations in total (9 · 4 = 36 measurements operators, that correspond to the different projections of the quantum state). Similarly, the 2-qubit octahedron symmetry protocol has 4·4 configurations (16·4 = 64 operators).
Appendix B. Simulation results for the octahedron symmetry protocol
Figures below demonstrate the results of the simulation of polarizing qubit quantum tomography in presence of chromatic aberration. The results were obtained for the octahedron symmetry measurement protocol (Appendix A).
For ∆λ = 0.01μm ( Figure B1 ) we obtained L min = 1.1679, L max = 1.5360. Here the minimal fidelity loss (1.1679) is higher than the maximal one in the case of monochromatic radiation (1.125), just as for the case of the cube symmetry protocol. The whole distribution is also rearranged. In Figure B2 we show the dependencies of minimal and maximal values of the loss functions and measurement matrix condition number on the radiation spectral bandwidth. In the limit ∆λ → 0 maximal fidelity loss approaches 4/3. This value is higher than the maximal value 1.125 for the model of projective measurements when ∆λ = 0. This deviation is observed only within infinitesimal neighborhoods of eight points corresponding to the ideal projectors of octahedron symmetry protocol.
(a) (b) Figure B2 . Minimal and maximal fidelity loss function (a) and measurement matrix condition number (b) vs. the radiation spectral bandwidth. The octahedron symmetry protocol.
The results in Figure B3 were obtained for the state with θ = 0.9111, ϕ = 2.4504. This state is characterized by the value of loss function close to the maximal one (according to the results in Figure B1 ). Again, one could observe that the fuzzy measurement model gives the reconstruction fidelity close to the theoretical limit calculated via information matrix. At the same time, the use of standard model of projective measurements results in much higher values of fidelity losses.
Here n j p j (k j ) are the expected (observed) counts.
According to the general theory, for asymptotically optimal statistical estimators χ 2 is the chi-squared distributed random variable [30] . The number of degrees of freedom ν is determined by ν = ls−ν P −ν norm . Here ν P = (2s−r)r−1 is the number of independent real parameters characterizing the quantum state (s -Hilbert space dimension, rrank of the quantum state density matrix); ν norm -number of normalization conditions: ν norm = 1 if all the measurement operators form a single POVM-measurement, ν norm = l for the case of l independent POVM-measurements.
Maximum likelihood estimator is among the asymptotically optimal estimators. In the language of statistical information the asymptotic condition is h k 1 for all k = 1, . . . , ν P . Here h k are the eigenvalues of information matrix H (see Appendix D).
The p-value of the chi-squared test is determined by the area under the curve of the chi-squared distribution probability density function to the right of the obtained χ 2 :
where X is the chi-squared random variable with ν degrees of freedom.
Appendix D. Informational approach to the quantum tomography fidelity analysis
Quantum state tomography fidelity depends on the state under research and the measurement protocol. One could obtain detailed fidelity characteristics before performing any measurements by using analytical information theory [11, 12] . The notations below are defined in Appendix C Let us consider a purified vector state in a Hilbert space of dimension rs. Its complex amplitudes form a column vector c. Let us move to a real Euclidean space of dimension 2rs:
c → Re(c) Im(c) .
The measurement operators should be transformed in the following way:
The fundamental probabilistic nature of quantum measurements leads to statistical fluctuations of reconstructed quantum state parameters. The level of these fluctuation could be described in terms of complete information matrix [11] [12] [13] :
This matrix is symmetric, non-negative and has dimension 2rs × 2rs. In the case of complete tomography protocols that form the unity decomposition ( j n j Λ j ∝ E) H has one eigenvalue equal to 2n tot and r 2 zero eigenvalues. The rest of ν P = (2s − r)r − 1 eigenvalues determine the amount of information about c, which could be extracted from the measurements. Let us denote these eigenvalues as h k (k = 1, . . . , ν P ) and define d k = 1 2h k , k = 1, . . . , ν P .
The infidelity of the purified state reconstruction is the random variable that has generalized chi-squared distribution:
where each random variable ξ k has the standard normal distribution. The mean value of infidelity is 1 − F = k d k , the variance is σ 2 1−F = 2 k d 2 k . Let us note that the information matrix is proportional to the total sample size n tot . Hence, 1 − F is inversely proportional to n tot , so it is convenient to define the loss function as L = n tot 1 − F . It does not depend on the sample size but on the quantum state under research and the efficiency of the measurement protocol.
This asymptotic fidelity theory becomes adequate when the amount of information about every degree of freedom of the quantum state is high enough: h k 1 for every k = 1, . . . , ν P . In this case d k 1 and 1 − F 1.
